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We study the dynamical description of gravity, the appropriate definition of the scalar field energy-
momentum tensor, and the interrelation between them in scalar-tensor theories of gravity. We show
that the quantity which one would naively identify as the energy-momentum tensor of the scalar
field is not appropriate because it is spoiled by a part of the dynamical description of gravity. A new
connection can be defined in terms of which the full dynamical description of gravity is explicit, and
the correct scalar field energy-momentum tensor can be immediately identified. Certain inequalities
must be imposed on the two free functions (the coupling function and the potential) that define a
particular scalar-tensor theory, to ensure that the scalar field energy density never becomes negative.
The correct dynamical description leads naturally to the Einstein frame formulation of scalar-tensor
gravity which is also studied in detail.
I. INTRODUCTION
Scalar-tensor (ST) theories of gravity have an extensive history [1–7]. Their study is important for a number of
reasons, in particular because they provide the simplest generalization of Einstein’s Theory of General Relativity
(GR); they also turn out to be the low energy limit of certain attempts at a quantum theory of gravity, such as
superstrings [8].
In the present paper we review ST gravity in the physical or Jordan frame and the conformally related Einstein
frame.
The formulation of ST theory in the physical frame (sec. II) apparently does not lead to a well defined energy-
momentum tensor for the scalar field. The scalar field terms on the right of the Einstein field equation, the quantities
that one would naively associate with the energy-momentum tensor of the scalar field, prove to be ill behaved to
constitute such a tensor: in the first place, the scalar field energy density cannot be made universally nonnegative, as
the presence of second derivatives makes it impossible. This has led some authors (see [9,10] and references therein)
to reject the physical frame on exactly the grounds of the undesirable features of this “apparent” energy-momentum
tensor. However, a careful look at it allows us to conclude that all scalar field terms on the right hand side of the
Einstein equation should not be identified with the energy-momentum tensor of the scalar field. In fact, the terms
with the second covariant derivatives of the scalar field contain the connection, and hence a part of the dynamical
description of gravity. This assertion is substantiated by the origin of the second derivative terms: they come from
variation of the gravitational part of the action with respect to the metric.
We find a new connection that describes the correct dynamics of gravity in sec III. The description in terms of
this new connection removes the gravitational dynamical terms from the right of the Einstein equation, leaving us
with the correct energy-momentum tensor for the scalar field, the one that is not polluted by gravitational dynamical
terms. The scalar field energy density can now be made nonnegative, which condition is implemented in the form of
two important inequalities for the two otherwise arbitrary functions that define a particular ST theory (the coupling
function and the potential, i.e., the scalar field dependent cosmological ”constant”). Moreover, the new connection
arises from a metric conformally related to the physical metric. The conformal frame of this new metric is the Einstein
frame. For completeness we develop ST gravity in the Einstein frame in sections IV and V of the paper.
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Our main motivation for obtaining the described results was a serious confusion in and long discussion of the
meaning and role of the Jordan and Einstein frames. For a good review of the different points of view and a very
thorough list of references we refer readers to the article by Faraoni, et. al. [9]. The confusion is about what frame
should be considered the ”true physical” one. The source of the confusion is the fact that the Einstein frame metric is
the one that correctly describes the spin-2 dynamics of gravity. For this reason some authors single out the Einstein
frame as the only one fundamental. On the other hand, by construction the metric in the Jordan frame is the one
that determines metrical relations in spacetime, and particles move on geodesics of the physical metric, so the Jordan
frame is claimed to be the fundamental one on these grounds. We think that no such recognition is pertinent, since
it depends on whether one ascribes more importance to the dynamics or to metrical relations and geodesics.
There is even a belief that the two frames lead to different physics (see [9,10] and references therein). In our opinion,
this statement should be taken only to the extent that the physical and Einstein frame metrics behave differently.
Apart from that, those are just two different descriptions of the same physics. Physical properties of the continuum are
determined by the physical frame metric because this is the metric to which nongravitational fields couple universally
by construction. Otherwise, since there is a well defined transformation between the two conformally related frames,
one can work in whatever frame is convenient as long as one uses the physical metric in the end to describe the physics
of a particular problem.
The authors follow the basic conventions of Misner, Thorne, and Wheeler [11] throughout the paper.
II. SCALAR-TENSOR THEORIES OF GRAVITY IN THE PHYSICAL FRAME
We consider the most general scalar-tensor (ST) theories of gravity with a single scalar field. In these theories the
gravitational interaction is mediated by the metric g˜µν and a spin-0 field, a scalar field Φ.
The field equations for these theories follow from the action [1–7,12]
S =
1
16π
∫
d4x
√
−g˜ [ΦR˜ − ω(Φ)
Φ
g˜µνΦ,µΦ,ν − 2Λ˜(Φ)]
+ Sm[Ψm, g˜µν ], (2.1)
where ,µ represents the partial derivative with respect to x
µ, R˜ is the Ricci scalar constructed from the metric g˜µν ,
ω(Φ) is the coupling function of the scalar field to matter, and the cosmological term Λ˜(Φ) is the scalar field potential.
The scalar field Φ plays the role of the inverse gravitational constant G−1. To ensure that gravity be attractive we
impose the condition
Φ > 0 (2.2)
The last term in (2.1) is the action of the matter fields, Ψm, which couple only to the metric g˜µν and not to the scalar
field Φ, in order to satisfy the weak equivalence principle. This formulation of ST gravity is called the physical (or
Jordan) frame description [7,12], because the metric in this frame is the “true” metric of our spacetime. By “true”
we mean that this metric is the one measured by standard rods and clocks, i. e., it is the one that determines the
geometry of our spacetime. The proper time measured by a moving test particle is given by dτ˜2 = g˜µνdx
µdxν . The
4-velocity, u˜µ = dxµ/dτ˜ , of the particle satisfies the geodesic equation
u˜µ ,β u˜
β + Γ˜µνβ u˜
νu˜β = 0 , (2.3)
where the connection Γ˜µνβ is the Christoffel symbol calculated with respect to the physical metric g˜µν .
So far we only assume that ω(Φ) and Λ˜(Φ) are smooth enough functions on the positive semiaxis. The fact that
ω(Φ) could be negative might seem puzzling since the action (2.1) would then appear to imply a negative kinetic term
for the scalar field energy density. This is not the case because in the physical frame it is not possible to define a
suitable energy density for the scalar field due to its nonminimal coupling (through ΦR˜) to the gravitational part of the
action. Hence there is no suitable geometrical definition of the energy-momentum tensor of the scalar field. The spin-2
and spin-0 excitations are “entangled” in the physical frame. In the following section we proceed to “disentangle”
the two propagation modes by suitable transformations. Then it becomes possible to define the energy-momentum
tensor and the energy density for the scalar field; the non-negativity of the latter requires ω(Φ) and Λ˜(Φ) to satisfy
some inequalities.
Each particular choice of the two arbitrary functions ω(Φ) and Λ˜(Φ) specifies a different ST theory of gravity. In
general, ST gravity represents theories with cosmological and gravitational “constants” which change from point to
point in spacetime.
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We vary the action (2.1) with respect to g˜µν and Φ to obtain the field equations
G˜µν = 8π
T˜µν
Φ
+
ω(Φ)
Φ2
(Φ,µΦ,ν − 1/2g˜µν g˜αβΦ,αΦ,β)− g˜µν Λ˜(Φ)
Φ
+
1
Φ
(∇˜µ∇˜νΦ− g˜µν2g˜Φ) (2.4)
2g˜Φ+
1
2
Φ,αΦ,β g˜
αβ d
dΦ
ln
(
ω(Φ)
Φ
)
+
Φ
2ω(Φ)
[
R˜− 2d
˜Λ˜(Φ)
dΦ
]
= 0 (2.5)
Here ∇˜µ is the covariant derivative with respect to g˜µν , 2g˜Φ = [
√−g˜g˜µνΦ,µ],ν/
√−g˜ is the covariant D’Alambertian,
G˜µν = R˜µν − (1/2) g˜µνR˜ is the Einstein tensor, and R˜µν is the Ricci tensor. By contracting equation (2.4) and using
the result to remove R˜ from the scalar field equation (2.5) we find
[2ω(Φ) + 3]2g˜Φ = 8πT˜ + 2Φ
dΛ˜(Φ)
dΦ
− 4Λ˜(Φ)− dω(Φ)
dΦ
Φ,αΦ,β g˜
αβ, (2.6)
where T˜µν is the physical frame energy-momentum tensor of matter defined by the usual geometrical expression via
the variational derivative as
T˜µν = − 2√−g˜
δSm
δg˜µν
(2.7)
Note that the values of the scalar field at which the coupling function ω(Φ) turns to −3/2 are singular points of the
scalar field equation (2.6).
Since g˜µν is the metric which matter “feels”, T˜µν is the “true” energy-momentum tensor. Again, by “true” we
mean that physically measurable quantities are the ones related to it. For example, an observer with the 4-velocity
u˜µ would measure the energy density ǫ = T˜µν u˜
µu˜ν . Since the weak equivalence principle is satisfied (the matter fields
only couple to g˜µν), the energy-momentum tensor of the matter fields is conserved:
∇˜ν T˜ µν = 0. (2.8)
The direct derivation of this conservation law from equations (2.4) and (2.5) is not at all straightforward.
III. ENERGY-MOMENTUM TENSOR OF THE SCALAR FIELD
Let us now take a careful look at the Einstein field equation (2.4). One usually associates the quantities on the
right hand side with the energy-momentum tensor of the matter and non-gravitational physical fields. As mentioned
above, T˜µν is the energy-momentum tensor of the matter fields as it comes from the variation of the matter action
with respect to g˜µν . One is tempted to identify the scalar field terms with the energy-momentum tensor of the scalar
field, but the situation is not that simple. On the right of equation (2.4) there are terms which depend on the scalar
field Φ and its first derivatives, and terms which are linear in the second order covariant derivatives of Φ. The former
terms,
ω(Φ)
Φ2
(Φ,µΦ,ν − 1/2g˜µν g˜αβΦ,αΦ,β)− g˜µν Λ˜(Φ)
Φ
, (3.1)
come from varying the purely scalar field parts of the action with respect to g˜µν , that is, from varying everything that
contains Φ, except ΦR˜ which describes some of the dynamics of the gravitational field. Hence expression (3.1) can be
identified with a part of the scalar field energy-momentum tensor of the scalar field. The remaining scalar field terms
on the right of equation (2.4), those that have second covariant derivatives in them,
1
Φ
(∇˜µ∇˜νΦ− g˜µν2g˜Φ) ,
should not belong to the scalar field energy-momentum tensor. First of all, the presence of second derivatives of Φ is
undesirable because it would make it impossible to have a nonnegative energy density for the scalar field. Even more
important, these terms contain a combination
1
Φ
(g˜µνΓ˜
α
σαg˜
σβΦβ − Γ˜αµνΦα)
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with the connection in it. It comes, after integration by parts, from varying ΦR˜ which carries the dynamical infor-
mation on the tensor part of gravity. Hence these terms should be regarded as a part of the dynamical evolution and
constraint equations for the gravitational field. Therefore these terms may belong on the left hand side of equation
(2.4) where the rest of the dynamical description of the gravitational field (in the form of the Einstein tensor G˜µν)
resides.
In order to have all the terms that contain the dynamical description of gravity on the left hand side of the Einstein
equation (2.4) we define a new connection
Γαβγ = Γ˜
α
βγ +
1
2Φ
(
δαβΦ,γ + δ
α
γΦ,β − g˜βγΦ,α
)
, (3.2)
(Φ,α ≡ g˜ασΦ,σ). That Γαβγ transforms as a connection follows from the fact that
Dαβγ ≡
1
2Φ
(
δαβΦ,γ + δ
α
γΦ,β − g˜βγΦ,α
)
(3.3)
transforms as a (1, 2) tensor. Since Γ˜αβγ is the connection compatible with the metric (∇˜αg˜µν = 0), the connection
Γαβγ is generally not compatible with the metric. Indeed, one easily finds ∇αg˜µν = −g˜µνΦ,α/Φ, where ∇ represents
the covariant derivative with respect to the connection Γαβγ . In the Appendix we derive the following relation (Rµν is
the Ricci tensor calculated from the connection Γαβγ ):
R˜µν = Rµν +
1
Φ
(
∇˜µ∇˜νΦ + 1
2
g˜µν2g˜Φ
)
− 3
2
Φ,µΦ,ν
Φ2
(3.4)
If we now define the Ricci scalar and Einstein tensor with respect to the new connection as
R∗ ≡ g˜µνRµν , Gµν ≡ Rµν − 1
2
g˜µνR
∗ , (3.5)
we then obtain:
R˜ = R∗ +
32g˜Φ
Φ
− 3
2
Φ,αΦ,α
Φ2
, (3.6)
G˜µν = Gµν +
1
Φ
(∇˜µ∇˜νΦ− g˜µν2g˜Φ)
− 3
2Φ2
(Φ,µΦ,ν − 1/2g˜µν g˜αβΦ,αΦ,β) . (3.7)
One immediately sees that the right hand side of the last equation includes the “offending” second covariant derivative
terms, which will cancel when we substitute (3.7) in the Einstein equation (2.4). In terms of the new Einstein tensor,
Gµν , the latter becomes
Gµν = 8π
T˜µν
Φ
+
ω(Φ) + 3/2
Φ2
(Φ,µΦ,ν − 1/2g˜µν g˜αβΦ,αΦ,β)− g˜µν Λ˜(Φ)
Φ
. (3.8)
We see that we have succeeded in eliminating the terms containing the connection on the right hand side with
an additional bonus that the full second covariant derivatives of the scalar field were eliminated. The dynamical
description of gravity is in terms of the connection Γαβγ and not the metric connection Γ˜
α
βγ . Hence, Gµν describes
the complete dynamics of the gravitational field and, therefore, we can identify the quantities to its right in equation
(3.8) as the energy-momentum tensor of the matter and physical fields. We have effectively “disentangled” the tensor
and scalar modes.
In particular the energy-momentum tensor, Σ˜µν , of the scalar field is given by
8π
Σ˜µν
Φ
≡ ω(Φ) + 3/2
Φ2
(Φ,µΦ,ν − 1/2g˜µν g˜αβΦ,αΦ,β)− g˜µν Λ˜(Φ)
Φ
; (3.9)
note that unlike the energy-momentum tensor of matter, T˜µν , it is not, of course, covariantly conserved:
∇˜µΣ˜µν =
Φ,ν
2Φ
[
T˜ − Λ˜(Φ)
2π
− ω(Φ) + 3/2
8πΦ
Φ,αΦ
,α
]
6≡ 0
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This nonconservation is a consequence of the nonminimal coupling between the scalar field and the metric.
We now impose the condition that the energy density Σ˜µν u˜
µu˜ν of the scalar field for any observer be nonnegative.
Expression (3.9) shows that this can be achieved if and only if
ω(Φ) ≥ −3
2
(3.10)
Λ˜(Φ) ≥ 0 ; (3.11)
we consider these inequalities valid for our ST gravity. The classical treatment of the field equations requires the
functions ω(Φ) and Λ˜(Φ) to have at least one continuous derivative for Φ > 0, which condition we always assume in
this paper.
Note that if we define a new metric, gµν , by the conformal transformation gµν = Φg˜µν , then the Christoffel symbol
{ αβγ} with respect to gµν , i. e., the connection compatible with gµν , satisfies
{
α
βγ
}
= Γ˜αβγ +
1
2Φ
(
δαβΦ,γ + δ
α
γΦ,β − g˜βγΦ,α
)
. (3.12)
By (3.12) and (3.2) we have Γαβγ = { αβγ}; therefore Γαβγ is the metric connection for gµν . We conclude that in ST
gravity there is a metric g˜µν which determines proper lengths and times, and geodesics in our spacetime, i. e., it is a
metric in the proper sense of the word. There is also the conformally related “metric” gµν which carries the dynamical
information of the gravitational field, in other words it describes the pure spin-2 excitations. However, it is important
to bear in mind that the expression gµνdx
µdxν does not represent a physical spacetime interval.
We call gµν the dynamical metric and Γ
α
βγ the dynamical connection. The corresponding frame conformally related
to the physical frame is called the Einstein frame [7,12,9].
IV. SCALAR-TENSOR THEORIES OF GRAVITY IN THE EINSTEIN CONFORMAL FRAME
We now proceed to develop the description of ST gravity in the Einstein frame. As we mentioned, this is the
description in terms of the conformally related dynamical metric and connection. Instead of working from the field
equations, it is more convenient to work from the action (2.1). The only dynamical geometrical quantity in the action
is the Ricci scalar R˜. In the previous section we derived an expression for this quantity in terms of the Ricci scalar
R∗ defined by contracting the dynamical Ricci scalar Rµν with the physical metric g˜
µν . The appropriate Ricci scalar
for the Einstein frame description is defined by contracting with the dynamical metric:
R = gµνRµν =
g˜µν
Φ
Rµν =
R∗
Φ
. (4.1)
In terms of R, equation (3.6) becomes
R˜ = ΦR +
32g˜Φ
Φ
− 3
2
g˜αβ
Φ,αΦ,β
Φ2
. (4.2)
The quantities on the right hand side have to be expressed in terms of the dynamical metric. Since gµν = Φg˜µν we
have
g˜µν = Φgµν ,
√
−g˜ =
√−g
Φ2
. 2g˜Φ =
1√−g˜
[√
−g˜g˜µνΦ,µ
]
,ν
=
Φ2√−g
[√−g
Φ
gµνΦ,µ
]
,ν
= Φ22 lnΦ .
Using these relations we obtain
R˜ = ΦR + 3Φ2 lnΦ− 3
2
Φ,αΦ,α
Φ
, (4.3)
where from now on all indices are raised and lowered with the dynamical metric gµν , i. e. Φ
,µ = gµνΦ,ν , unless
otherwise indicated. The action (2.1) in terms of the dynamical metric becomes
S =
1
16π
∫
d4x
√−g [R− ω(Φ) + 3/2
Φ2
gµνΦ,µΦ,ν − 2Λ˜(Φ)
Φ2
] + Sm[Ψm, gµν/Φ] , (4.4)
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where the term containing 32 lnΦ was integrated by parts to give zero by supposing all our fields vanish on the
boundary of spacetime.
Let us pause briefly to mention a few properties of our Einstein frame action (4.4). One immediately notices that
the metric and scalar field parts are now untangled in the sense that no scalar field dependent factor stands in front
of R in (4.4). The dynamics of gravity is described by the Ricci scalar R, which now appears by itself without any
scalar field dependent factors. There is also the scalar field part of the action in which the only coupling to gravity
is through the metric; it leads thus to a well defined energy-momentum tensor for the scalar field. Moreover, it is
clear that the two conditions (3.10) and (3.11) must be satisfied, to have a nonnegative scalar field energy density.
On the other hand, the separation of the dynamics of the metric and scalar field comes with a price: matter couples
to gravity nonminimally (but universally) through the physical metric g˜µν = gµν/Φ, to preserve the weak equivalence
principle.
The Einstein frame field equations follow by varying the action (4.4). When it is varied with respect to the dynamical
metric gµν , the Einstein field equation
Gµν = 8πTµν +
ω(Φ) + 3/2
Φ2
(Φ,µΦ,ν − 1/2gµνgαβΦ,αΦ,β)− g˜µν Λ˜(Φ)
Φ2
≡ 8π (Tµν +Σµν) (4.5)
is obtained. The Einstein tensor on its left describes the evolution and constraints for the dynamical metric. In
the right hand side are the sources, namely, the energy-momentum tensor of the scalar field defined in (3.9) and the
Einstein frame energy-momentum tensor, Tµν , of the matter fields whose standard definition is
Tµν = − 2√−g
δSm
δgµν
. (4.6)
We stress that the Einstein frame energy-momentum tensor does not represent the energy-momentum tensor of the
matter fields, because it is defined by the variation with respect to the dynamical metric which is not the metric of
the physical continuum. As we mentioned earlier, the physical frame energy-momentum tensor is the “true” one as
it is the physical metric that defines metrical relations in spacetime. From the definitions of the energy-momentum
tensors of matter in each frame ( see equations (2.7) and (4.6)) the relations between their components follow easily:
Tµν =
T˜µν
Φ
, T µν =
T˜ µν
Φ2
, T µν =
T˜ µν
Φ3
, T ≡ T µµ =
T˜ µµ
Φ2
≡ T˜
Φ2
(4.7)
Here indices for the Einstein frame tensor are raised and lowered with the dynamical metric gµν and for the physical
frame tensor with the physical metric g˜µν . The conservation of the physical energy-momentum tensor (2.8) leads to
the following differential equation for the Einstein frame tensor:
T µν ;µ = −
Φ,ν
2Φ
T , (4.8)
where ; represents covariant differentiation with respect to the dynamical metric. The Einstein frame energy-
momentum tensor is not covariantly conserved, hence free particles do not follow geodesics of the dynamical metric.
The wave equation for the scalar field is obtained by varying the action (4.4) with respect to Φ:
[ω(Φ) + 3/2]
(
2Φ− Φ,αΦ
,α
Φ
)
= Φ2
{
4πT
Φ
+
d
dΦ
[
Λ˜(Φ)
Φ2
]}
− 1
2
Φ,αΦ
,α dω(Φ)
dΦ
(4.9)
Using this we demonstrate that the scalar field energy-momentum tensor is not covariantly conserved:
Σµν ;µ =
Φ,ν
2Φ
T . (4.10)
However, from (4.8) and (4.10) it is clear that the sum of the matter and scalar field energy-momentum tensors is
covariantly conserved as it must because of the contracted Bianchi identity, Gµν ;µ = 0.
Note that in the Einstein frame we have an appropriate description of the tensor part of gravity and of the scalar
field. Moreover the energy-momentum tensor for the scalar field can only be defined in terms of the dynamical
connection and/or dynamical metric. On the other hand, it costs a more complicated description of matter, with a
nonconserved energy-momentum tensor. In the physical frame the description of gravity and of the scalar field are
complicated since their propagation modes are entangled, but the description of matter is simple. Each frame has its
technical advantages, but one must remember that it is the physical metric and energy-momentum tensor which are
most directly related to observables.
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V. SCALAR FIELD REDEFINITION IN THE EINSTEIN FRAME
As stated in the previous section, the Einstein frame provides the description of our gravitational theory in terms
of the dynamical metric gµν = Φg˜µν . One has yet a freedom to redefine the scalar field, which choice is usually used
to simplify the scalar field equation (4.9), complicated so far by the presence of terms quadratic in the scalar field
derivatives. To do that, one realizes that the latter originate from the term
ω(Φ) + 3/2
Φ2
gµνΦ,µΦ,ν . (5.1)
in the action (4.4). If the factor in front of the derivative terms were a constant, the scalar field equation would
simplify significantly. In view of the inequality (3.10) imposed on the coupling function ω(Φ), this immediately gives
rise to the two following cases.
Case 1. ω(Φ) ≡ −3/2
The coefficient in (5.1) is not just a constant, but exactly zero, so no field redefinition is needed. This is a rather
peculiar situation from the physical standpoint, since both the energy momentum tensor of the scalar field (3.9) and
the Einstein frame action (4.4) contain no kinetic terms at all. As a consequence the scalar field equation (4.9) reduces
to
4πT
Φ
+
d
dΦ
[
Λ˜(Φ)
Φ2
]
= 0 (5.2)
Instead of being an evolution equation, (5.2) is rather an algebraic equation for the scalar field Φ which allows for
its direct determination from the matter term by means of inversion. The physical plausibility of this case seems
questionable to us.
Case 2. ω(Φ) 6≡ −3/2
In this case we define a new scalar field χ = χ(Φ) by the equations (Φ0 > 0 is a constant)
√
2
dχ
d lnΦ
=
√
ω(Φ) + 3/2, χ(Φ) =
1√
2
∫ Φ
Φ0
√
ω(Φ) + 3/2
Φ
dΦ, (5.3)
so that the coefficient in (5.1) turns into 2 after replacing Φ by χ.
It is clear that the new scalar field χ is a non-decreasing function of the old one, Φ ≥ 0, and its growth can stop only
at such values Φ∗ for which ω(Φ∗) = −3/2; if they exist, those are evidently the inflection points of χ(Φ). Therefore an
inverse to χ(Φ) function Φ = Φ(χ) is uniquely determined; it is a monotonically increasing function of its argument.
The range of the new scalar field χ(Φ) depends on the value of the coupling function at Φ = +0. If ω(+0) = −3/2
and the integral in (5.3) converges at Φ = 0, then the range is
−∞ < χ(+0) < 0 ≤ χ(Φ) ≤ χ(+∞) ≤ +∞, 0 ≤ Φ ≤ +∞,
If, on the other hand, −3/2 < ω(+0) ≤ ∞, then the integral in (5.3) diverges at Φ = 0, and the range includes the
negative semiaxis:
−∞ = χ(+0) ≤ χ(Φ) ≤ χ(+∞) ≤ +∞, 0 ≤ Φ ≤ +∞,
The upper limit χ(+∞) of the range is either infinite or finite positive depending on whether the integral in (5.3)
diverges or converges at Φ = +∞. For the second possibilty to occur, the coupling function must tend to −3/2 at
infinity, so that the generic range of χ(Φ), without any additional assumptions about ω(Φ), is the whole real axis.
After this redefinition of the scalar field the Einstein frame action and field equations become
S =
1
16π
∫
d4x
√−g [R − 2gαβχ,αχ,β − 2Λ(χ)] + Sm[Ψm, gµν/Φ(χ)] (5.4)
Gµν = 8πTµν + 2(χ,µχ,ν − 1/2gµνgαβχ,αχ,β)− gµνΛ(χ) (5.5)
2χ =
1
2
dΛ(χ)
dχ
+
[
2π
d lnΦ(χ)
dχ
]
T, (5.6)
7
where the function Λ(χ) is defined as
Λ(χ) = Λ˜(Φ(χ))/Φ2(χ), (5.7)
and Tµν is the Einstein frame energy-momentum tensor of matter (4.6) (its interpretation and relations to the physical
energy-momentum tensor were discussed in the previous section). The scalar field equation (5.6) has the same
singular points as the equation (2.6), namely, the values of Φ at which the coupling function turns to −3/2, because
dΦ(χ)/dχ =∞ at these points.
Note that in principle one can, of course, use the negative branch of the square root in the definition (5.3) of the
function χ(Φ), or even combine the positive and negative branches (to keep the derivative dχ/dΦ continuous, the
change of the branches can only occur at those singular points, if any). However, since this is just a transformation
function, one does not care for making it as general as possible. On the contrary, its simplest form is most valuable
as soon as the goal of the transformation, that is the wave equation simplification, is achieved. Our choice of χ(Φ)
can always provide it non-decreasing, i. e., with no extrema whatsoever. Its derivative turns to zero at most at the
inflection points where ω(Φ) = −3/2, if such points exist.
We have thus transformed from a description in terms of the scalar field Φ and the two arbitrary functions ω(Φ)
and Λ˜(Φ), satisfying conditions (3.10) and (3.11), respectively, to a description in terms of the scalar field χ and the
two arbitrary functions Φ(χ) and Λ(χ). The scalar field equation (5.6) is a wave equation with a potential Λ(χ). The
source for the scalar field equation is proportional to the trace of the Einstein frame energy-momentum tensor. The
factor of proportionality describes the coupling between matter and scalar field; whith our choice of transformation,
this factor is positive for 0 < Φ <∞ (by (5.3), the derivative d lnΦ/dχ can only turn to zero when Φ→ 0 or Φ→∞,
and only if ω(Φ) tends to infinity in the corresponding limit). Generally, the factor is scalar field dependent; the
special case when it does not depend on the scalar field corresponds to ω = const, i. e., to the Brans-Dicke theory.
VI. CONCLUSIONS
We constructed the proper energy-momentum tensor of the scalar field in scalar-tensor gravity, disentangling si-
multaneously the dynamics of the scalar field from that of gravity per se. The Einstein frame arises naturally out of
this disentanglement .
We have shown that all scalar field terms on the right of the Einstein equation (2.4) cannot be identified with
the energy-momentum tensor of the scalar field because some of them contain the second covariant derivatives. The
latter originate from variation of the gravitational part of the action, ΦR˜, after an integration by parts. Hence they
form a part of the dynamical description of gravity, and not of the scalar field. They occur because the dynamics of
gravity and that of the purely scalar excitations are entangled in the physical frame, as a result of the nonminimal
coupling between gravity and the scalar field. We defined a new connection in terms of which the full dynamics of the
gravitational part can be explicitly separated. When doing this, one immediately finds the correct energy-momentum
tensor of the scalar field as given by equation (3.9). This is a well defined energy-momentum tensor as long as we
impose the condition that the energy density never becomes negative. This condition leads to the inequalities (3.10)
and (3.11) for the two otherwise arbitrary functions specifying the theory, the coupling function and the scalar field
dependent cosmological ”constant”. We regard these restrictions as necessary for any ST theory to be physical.
It is of importance that the dynamical connection can also be obtained by a conformal transformation of the metric.
The conformally transformed metric is the geometrical object that describes the full dynamics of the tensor part of
gravity. The Einstein conformal frame is the one defined in terms of the dynamical metric. Usually, the scalar field is
redefined in the conformal frame, to simplify the scalar field equation in it. We analyze the behavior of the appropriate
transformation function and demonstrate that it can always be chosen monotonic.
Our hope is that the results presented here shed some light on the subject of the relationship between the physical
and Einstein frames, which seems to have caused not a small amount of confusion before. In particular, the behavior
of different quantities in each frame, such as the scalar field and its energy-momentum tensor, becomes clear, as
well as the relation between the physical and dynamical metrics, and the correct dynamical description of gravity in
scalar-tensor theories.
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APPENDIX A: RELATIONS BETWEEN PHYSICAL AND DYNAMICAL RIEMANN AND RICCI
TENSORS
Here we derive the relations between the Riemann and Ricci tensors constructed from the physical and dynamical
connections. The physical Riemann tensor is defined by
R˜α βγδ = Γ˜
α
βδ,γ − Γ˜αβγ,δ + Γ˜αµγ Γ˜µβδ − Γ˜αµδΓ˜µβγ (A1)
The dynamical Riemann tensor, Rα βγδ, is defined similarly with the dynamical connection, Γ
α
βγ , in place of the
physical one, Γ˜αβγ .
Defining the one-form
Aα ≡ (lnΦ),α = Φ,α
Φ
(A2)
equation (3.3) becomes
Dαβγ =
1
2
(δαβAγ + δ
α
γAβ − g˜βγAα), (A3)
and equation (3.2) relating the two connections is
Γαβγ = Γ˜
α
βγ +D
α
βγ
Using this in the equation (A1) we obtain the following relation between the two Riemann tensors:
Rα βγδ = R˜
α
βγδ +D
α
βδ,γ −Dαβγ,δ +Dαµγ Γ˜µβδ + Γ˜αµγDµβδ −DαµδΓ˜µβγ − Γ˜αµδDµβγ +DαµγDµβδ −DαµδDµβγ
With some patience one verifies that
∇˜γDαβδ − ∇˜δDαβγ = Dαβδ,γ −Dαβγ,δ +Dαµγ Γ˜µβδ + Γ˜αµγDµβδ −DαµδΓ˜µβγ − Γ˜αµδDµβγ ,
which leads, after some rearrangements, to
R˜α βγδ = R
α
βγδ + ∇˜δDαβγ − ∇˜γDαβδ +DαµδDµβγ −DαµγDµβδ (A4)
Recalling equation (A3) we end up with
∇˜δDαβγ − ∇˜γDαβδ =
1
2
[δαγ ∇˜δAβ − δαδ ∇˜γAβ + g˜βδ∇˜γAα − g˜βγ∇˜δAα]
DαµδD
µ
βγ −DαµγDµβδ =
1
4
[δαδ AβAγ − δαγAβAδ + δαγ g˜βδAµAµ − δαδ g˜βγAµAµ + g˜βγAαAδ − g˜βγAαAδ]
Introducing these expressions into (A4), we find
R˜α βγδ = R
α
βγδ +
1
2
[δαγ ∇˜δAβ − δαδ ∇˜γAβ + g˜βδ∇˜γAα − g˜βγ∇˜δAα] +
1
4
[δαδ AβAγ − δαγAβAδ + δαγ g˜βδAµAµ − δαδ g˜βγAµAµ + g˜βγAαAδ − g˜βγAαAδ] (A5)
We now define the physical and dynamical Ricci tensors in the usual way by R˜βδ ≡ R˜α βαδ and Rβδ ≡ Rα βαδ, and
obtain, after some algebra:
R˜µν = Rµν + ∇˜νAµ + 1
2
g˜µν∇˜αAα − 1
2
AµAν +
1
2
g˜µνAαA
α
Recalling the definition (A2) of Aα, we then calculate
∇˜νAµ = ∇˜ν∇˜µΦ
Φ
− Φ,µΦ,ν
Φ2
, ∇˜αAα = 2g˜Φ
Φ
− Φ,αΦ
,α
Φ2
,
9
which, when substituted in the above relation between the Ricci tensors, give:
R˜µν = Rµν +
1
Φ
(
∇˜µ∇˜νΦ + 1
2
g˜µν2g˜Φ
)
− 3
2
Φ,µΦ,ν
Φ2
(A6)
This is the desired relation (3.4) we set out to prove.
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